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I. INTRODUCTION 



One of the most important questions in quantum cosmology is that of identifying a suit- 
able time parameter and a time-dependent Wheeler-DeWitt equation 0,0. The main 
peculiarity of the gravity theory is the presence of non-physical variables (gauge variables) 
and constraints They arise due to the general coordinate invariance of the theory. 

The conventional Wheeler-DeWitt formulation gives a time independent quantum theory 
0. The canonical quantization of the minisuperspace approximation has been used to 
find results in the hope, that they would illustrate the behaviour of general relativity 0. 
In the minisuperspace models [^,0 there is a residual invariance under reparametrization 
of time (world-line symmetry). Due to this fact the equation that governs the quantum 
behaviour of these models is the Schrodinger equation for states with zero energy. On the 
other hand, supersymmetry transformations are more fundamental than time translations 
(reparametrization of time) in the sense, that these ones may be generated by anticommu- 
tators of the supersymmetry generators. The recent introduction of supersymmetric mini- 



superspace models has led to the square root equations for states with zero energy |10-12 



The structure of the world-line supersymmetry transformations has led to the zero Hamil- 
tonian phenomena P,|6|,p!2| . Investigations about time evolution problem for such quantum 
systems have been carried in two directions: the cosmological models of gravity have been 
quantized by reducing the phase space degrees of freedom |[T3|-[17| and with the help of the 
WKB approach fg-gg. 

In this work we consider a time-dependent Schrodinger equation for the homogeneous 
cosmological models. In our approach this equation arises due to an additional action 
invariant under time reparametrization. The last one does not change the equations of 
motion, but the constraint which becomes time-dependent Schrodinger equation. In the case 
of the supersymmetric minisuperspace model we obtain the supersymmetric constraints, one 
of them is a square root of time-dependent Schrodinger equation. 

The paper is organized as follows: In section 2, we applied the canonical quantization 
procedure for the reparametrization invariant action. The extension to supersymmetric 
FRW model is performed in section 3. 



II. REPARAMETRIZATION INVARIANCE 

We begin by considering an homogeneous and isotropic metric defined by the line element 

ds^ = -N\t)df + R\t)dnl (1) 

where the only dynamical degree of freedom is the scale factor R{t). The lapse function 
N{t), being a pure gauge variable, is not dynamical. The quantity dfl^ is the standard line 
element on the unit three-sphere. We shall set c = h = 1. The pure gravitational action 
corresponding to the metric (0) is 

6 f f RFe 1, \ , 
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where k = 1,0, —1 corresponds to a closed, flat or open space, = SttGn, where Gn is the 
Newton's constant of gravity, and the overdot denotes differentiation with respect to t. The 
action preserves the invariance under time reparametrization 

t'^t + a{t), (3) 

in this case, N{t) and R{t) transform as 

SR = aR 5N = {aNy, (4) 

that is R{t) transforms as a scalar and N{t) as a one-dimensional vector, and its dimension- 
ality is the inverse of a{t). 

So, we consider the interacting action for the homogeneous real scalar matter fleld (p{t) 
and the scale factor R{t). The action has the form 

Sm = l - NR^V{<I^)^ dt, (5) 

this action is invariant under the local transformation (^), if in addition to law transforma- 
tions for R{t) and N{t) in (^, the matter fleld transforms as a scalar = a(p. Thus, our 
system is described by the full action 

Now, we shall consider the Hamiltonian analysis of this action. The canonical momenta for 
the variables R and are given by 



dL _ 6RR p _ R^' 
Their canonical Poisson brackets are deflned as 



{R,Pr} = 1, {0,P4 = 1- (8) 

The canonical momentum for the variable N{t) is 

P^ = ^ = 0, (9) 

this equation merely constrains the variable N{t). The canonical Hamiltonian can be cal- 
culated in the usual way, it has the form = NHq, then the total Hamiltonian is 

Ht = NHo + unPn, (10) 

where uj^ is the Lagrange multiplier associated to the constraint = in (^, and Hq is 
the Hamiltonian 



The time evolution of any dynamical variables is generated by ([TOD. For the compatibility 
of the constraint the Eq. @ and the dynamics generated by the total Hamiltonian of Eq. 
(p!0|), the following equation must hold 

Ho = 0, (12) 

which constrains the dynamics of our system. So, we proceed to the quantum mechanics 
from the above classical system. We introduce the wave function of the Universe tp. The 
constraint equation (|T^) must be imposed on the states 

Hotjj = 0. (13) 



This constraint nullifies all the dynamical evolution generated by the total Hamiltonian (0). 
A commutator of any operator and the total Hamiltonian becomes zero, if it is evaluated 
for the above constrained states. The disappearence of time seems disappointing, however, 
it is a proper consequence of the invariance of general coordinate transformation in general 
relativity. The equation (|^) merely says, that the wave function i/j does not depend on the 
lapse function N{t). Therefore, we expect that the equation in (0) may contain any infor- 
mation of dynamics, since the WKB solutions of the equation (O) is indeed parametrized 



by an "external" time |2^. In the WKB approach the coordinate T is usually called WKB 
time. In quantum cosmology the constraint (|13[) is known as the Wheeler-DeWitt equation 
(time-independent Schrodinger equation). 

In order to get a time-dependent Schrodinger equation we introduce the time parameter 
T{t) using the relation N{t) = We shall regard the following invariant action 

where (T, Pt) is a pair of canonical variables, Pt is the momentum conjugate to T. This 
action is invariant under reparametrization of time (§), if Pt and T transform as a scalars 
under reparametrization (^ 

SPt = a{t)PT 6T = a{t)f, (15) 

and A^, i? as in (|). 

So, adding the action (0) to the action (P) we have the total invariant action S = 
Sg + Sm + Sr- In the first order form, we get 

S = jliiPji + ^P^- NHo + ^ - Nit)) I dt. (16) 



We shall proceed with the canonical quantization of the action (pig). We define the canonical 
momenta ttt and np^ corresponding to the variables T and Pt, respectively. We get 



9L ^ dL 
TiT = — - = -^Pt, t^Pt = — — = 0) (17) 

dT ^ dPr 



leading to the constraints 
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p3 

Hi = ttt - ^Pt = 



U2 = Tiprr = 0. 



(18) 



So, we define the matrix Cab, {A, i? = 1, 2) as a Poisson brackets between the constraints 
Cab = {^A, n^}- Then, we have the following non-zero matrix elements 



{ni,n2} = - 

with their inverse matrix elements (C^^)^'^ ■ 
by 



i?3 



3 ' 



(19) 



{f^gV = {f,9} - {f,nA}CAh{nB,9}. 

The result of this procedure leads to the non-zero Dirac's brackets 
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The Dirac's brackets {,}* are defined 

(20) 



{T,PTy 



Then, the canonical Hamiltonian is 



(21) 



H, = N (^^Pt + Ho^ , 
where the Hamiltonian constraint corresponding to the action (ITB) is 

H=—Pt + Ho. 

At the quantum level the Dirac's brackets become commutators 

.3 



K 



[T,PT] = t{T,PTr = t 

So, taking the momentum Pt corresponding to T as 

the constraint (^) becomes quantum condition on the wave function ijj, 

i—ij{T, R,(j)) = H i-i—,-i—,R,(P] i/j. 



dT 



dR' 



(22) 



(23) 



(24) 



(25) 



(26) 



There is a question of the factor ordering in the differential equation (|26|). In order to 
find a correct quantum expression for the Hamiltonian, we must always consider the factor 
ordering ambiguites 



■ ^ / 
— ip 



K 
Y2 



R- 



-1 ^.RV±- 1 



?,kR 



dR dR 2R^dip'^ k? 



(27) 
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The parameter p takes into account some of the factor ordering ambiguity of the theory. 
The equation (|26|) is the time-dependent Schrodinger equation for minisuperspace. 

The equations of motion are obtained by demanding that the action S = Sg + Sm + -S", 
is extremal, i.e. the functional derivatives of S must be zero 



r 



5R SR SR 6R 
As a consequence of the equation of motion 



SS 6Sf, 6Sm SSr , s 

- ' + ^ + T^ = 0. (28) 



^if-N) = 0, (29) 



6Pt SPt 



the last term in (pSD ^^Px{T — A^) dissapears and, in fact, inclusion in 5" of an additional 

6S_ 

5N 



invariant action Sr does not change the equations of motion except the equation li^ = 0, 



which is the constraint (|23|). 

In the case of general relativity, the canonical quantization makes use of the 3 + 1 spliting 
of the space-time geometry by Arnowit-Deser-Misner (ADM) 0. Acording to the ADM 
prescription of general relativity one consider a slicing of the space-time by a family of 
space-like hypersurfaces labeled by t. This can be thought of as a time coordinate, so that 
each slice is identified by the relation t = const. So, we introduce a time T{t, x), which will 
be related to time t as 

n^'d^T = 1. (30) 

We consider time T as a canonical coordinate. Its corresponding canonical conjugate mo- 
mentum will be Pt. These T and Pt transform under general coordinate transformations 
as scalars. So, in this case, the additional action term, which is invariant under general 
coordinate transformations can be written in the following form 

= (31) 

= \ I h^/^PridoT - N'd.T - N)dt(fx, 

varying this action with respect to the three metric hik and Py, we get 

-h^'^PridoT - N'diT - N) = 



6hik 2 K,^ 



SPt k 



,.3 



{doT - N'diT - A) = 0. (32) 



So, given a four dimensional space-time geometry with the metric g^^, considered clS db Pel- 
rameter family of three-dimensional space-like hypersurfaces t = const the intrinsic metric of 
each surface is = gij, g = det g^^, h = det hij and g = Nh. The unit future-directed nor- 
mal vector is n'^, {n^^n^ = — 1) to hypersurface t = const with component = (—A, 0, 0, 0) 
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and = where A^* is the shift vector, (for the metric (|T]) the shift vector is 

N' = 0) and h^/^ = R^. 

So, if we consider the four dimensional gravity interacting with a scalar matter field and 
the invariant additional term ( |3lD after applying the ADM spliting (3 + 1) formalism for the 
FRW model, we get 



S 



-gRd'^x 



+ 



NR^V{(t)) 



3RR^ 
~ 2Nk^ 
'dT{t) 



d X 



+ -^kNR 



(33) 



In particular, putting the gauge = 1, then T = t and we obtain the so-called cosmic time, 
on the other hand, if we take N = ^ then we get the conformal time gauge. In terms of the 



(3 + 1) variables, the action (^) takes the form pO 



dtd X 



+ J h^'^PT[doT - N'diT - N)dtd^x + S, 



(34) 



where K is the trace of the extrinsic curvature Kij. In the action ( P^ we have ignored the 
surface term. Then, the canonical Hamiltonian is 



matter ; 



H = N 



7,1/2 2 1 

-Pt + -G^.M-K^H^' - —{h'/^)(^^R + H^atter{<P, TC^) 



(35) 



+N'(\pTdiT-2D,7Ti+H, 



i{matter) j i 



where n^^ and ti^ are the momenta conjugated to hij and (j), respectively. Di is a covariant 
derivative on the metric hij and Gijki = \h~^^'^{hikhji + huhjk — hijhki). The Dirac quanti- 
zation of this model will lead to the many-fingered time Schrodinger equation (Tomanaga- 
Shwinger equation) for the wave function \E'(T, hik, 0) 



'5T V 2k 



J_ 5_ I J_ 1 



6hij 6hki 2k 6hik 2k 



(36) 
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where the coefficients bik depend of the chose of factor ordering in the term —j^Gijkijj^gj;-^^ 



III. SUPERSYMMETRIC FRW MODEL 



In order to obtain a superfield formulation of the action (|^) the transformation of the time 
reparametrization (|]) must be extended to the n = 2 local conformal time supersymmetry 
(LCTS) {t,ri,ff) ipT] , ^ . These transformations can be written as 
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6t = E{t, e, 9) + hOgEit, e, 9) - ^9DeE{t, 9, 9), 

69 = '-DgE{t, 9, 9), 69= '-DgJLit, 9, 9), (37) 

with the superfunction iL(t, 9, 9) defined by 

Lit, 9, 9) = a{t) + i9^'{t) + iep'it) + h{t)ee, (38) 

where Dq = ^ + i9-^ and Dg = — iO^ are the supercovariant derivatives of the n = 2 
supersymmetry, a{t) is a local time reparametrization parameter, (3'{t) is the Grassmann 
complex parameter of the local conformal n = 2 supersymmetry transformations and b{t) is 
the parameter of the local U{1) rotations on the Grassmann coordinates 9 [9 = 0^). Then, 
the superfield generalization of the action (^, which is invariant under the n = 2 (LCTS) 
(13) has the form [||,||] 

Sin=2) = Sg + Sm = J (^-^IN-^RDgRDeR + ^^^^ dOSdi (39) 
+ J (^^N-^JR^Dg^Dg^ - 21R^g{^)^ d9d9dt, 
where g{^) is the superpotential. The most general supersymmetric interaction for a set of 



complex homogeneous scalar fields with the scale factor was considered in |25,26]. For the 



one-dimensional gravity superfield lN{t, 9, 9) we have the following series expansion 

iV(t, 9, 9) = N{t) + i9ilj'{t) + i^'it) + V'{t)9e, (40) 

where N{t) is the lapse function, ip' = N^/'^ip and V = NV + ifjip. The components A^, ip, ip 
and V in (jl^) are gauge fields of the one-dimensional n = 2 supergravity. The superfield 
(^) transforms as one-dimensional vector under the (LCTS) 



6N = (EN)- + ^DgLDgN + ^DgEDgN. (41) 

The series expansion for the superfield lR{t, 9, 6) has the form 

lR{t, 9, 9) = R{t) + i9\'{t) + i9>:{t) + B'{t)99, (42) 

where R{t) is the scale factor of the FRW Universe, A' = kN^/^X and B' = KNE+K^pX-tpX). 
For the real scalar matter superfield $(t, 9, 9) we have 

#(t, 9, 9) = (Pit) + i9x'{t) + lO-x'it) + F'{t)99, (43) 

where x' = N^^'^x ^^^^ F' = + |(^/'X — V'X)- The components B{t) and F{t) in the 
superfields ]R and $ are auxiliary fields. The superfields (H3) and (03) transform as scalars 



under the transformations (37). 

Performing the integration over 6', 9 in ( |5UD and eliminating the auxiliary fields B and 
F by means of their equations of motion, the action ([39| ) takes its component form. The 
first-class constraints may be obtained from the component form of the action (|39| ) varying 
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it with respect to N{t),ilj{t),'ilj(t) and V{t), respectively. Then, we obtain the following 
first-class constraints Hq = 0, S = 0, S = and F = 0, where 

TTo 3kR Vk^. T^l in .- . , v , _ 

+ -^xx 

3 Q 0Q — 

+ 2'^'^('^)xX + 2^XX + /t^(Ax- Ax), (44) 



and 



+ (zR-'/'n^ + 2R'/'^]x, (45) 



^AA + xx, (46) 



3 

where S = SK 

The canonical Hamiltonian is the sum of all the constraints 

H,^n=2) = NHo + ^ijS - ^ijS + ^VF. (47) 

In terms of Dirac's brackets for the canonical variables R, tir-, (p, 7r<^, A, A, x and x the quan- 
tities Hq, S, S and F form the closed super-algebra of conserving charges 

{S, Sy = -2iHo, [Ho, S]* = [Ho, S]* = (48) 
[F,S]* = iS, [F,S]* = -iS. 

So, any physically allowed states must obey the following quantum constraints 

HoiJ = 0, Si{j = 0, S^p = 0, Fij = 0, (49) 

when we change the classical variables by their corresponding operators. The first equa- 
tion in (1^ ) is the Wheeler-DeWitt equation for the minisuperspace model. Therefore, we 
have the time-independent Schrodinger equation, this fact is due to the invariance under 
reparametrization symmetry of the action (^), this problem is well-known as the "problem 
of time" [m in the minisuperspace models and general relativity theory. Due to the super- 
algebra ( ^8] ) the second and the thirth equations in (|i9| ) reflect the fact, that there is a 
"square root" of the Hamiltonian Hq with zero energy states. The constraints Hamiltonian 
Hq, supercharges S, S, F follow from the invariance of the action ( |39D under the n = 2 
(LCTS) transformations (0). 

In order to have a time-dependent Schrodinger equation for the supersymmetric minisu- 
perspace models with the action (|39D we consider a generalization of the reparametrization 
invariant action Sr ([I^). In the case of = 2 (LCTS) it has the superfield form 
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Sr(n=2) = - J JP- ^IN-^ {DgTDeF - DQjPDgT) dOdOdt. (50) 

Note, that the BerE^, as well as the superjacobian of n = 2 (LCTS) transformations, is 
equal to one and is omitted in the actions (|39| , |50|) . The action ( ^0|) is determined in terms 
of the new superfields T and IP. The series expansion for T has the form 

T{t, e, 0) = T{t) + Or]' it) - Of]' it) + m'{t)ee, (51) 

where rj' = N^^'^r] and m' = Nm + + i^f])- The superfield T is determined by the odd 
complex time variables r]{t) and ?7(t), which are the superpartners of the time T{t) and one 
auxiliary parameter m{t). 

The transformation rule for the superfield T(t, 9, 6) under the n = 2 (LCTS) transfor- 
mations is 

6T = LT+ '-DsLDeT + '-DgEDgT, (52) 

and transforms as a scalar under the transformations (|57|). The superfield iP(t, 9, 9) has the 
form 

iP(t, 9, 9) = p{t) + i9Pl-^{t) + i9P'^{t) + PT{t)9e, (53) 

where P^ = N^/^Pr, and = NPt + \{i)P^ - i^Pf^), Pr, and Pf^ are the odd complex 
momenta, i.e. the superpartners of the momentum Pt. 
The superfield iP(t, 9, 9) transforms as 

5F{t, 9, 9) = eP+ '-D-elLDelP + ^DeED^IP. (54) 

The action (^) is invariant under the n = 2 (LCTS) transformtions (^7|) . Performing the 
integration over 9 and 9 in (0) and making the redefinitions Pt - f Pt, P, - §P, and 
-Pf; — ^ ■^-Pf? obtain the component action 

Srin=2) = - / 1^ (^^(^ - ^) + ^^^'y + 'VPv VPt) (55) 

ijj V _ \ i ^ - 1 

- ^(^^ ~ ^^t) + Y^^^'? ^ 1 + mp - -m^/^P^j - -mV'P^ \ dt. 

We can see from (^) that the momenta Pr,,Pfi and Pr in the superfield (^) are related 
with the components of the superfield (|40|) , which enter in the action (^), unlike those 
momenta, the component p of the superfield (^) and the component of the superfield (^Tj) 
are not related with any components in (^Ol). Hence, one can show that the variables p and 
m are auxiliary fields in the sense, that they can be eliminated from ( |55| ) by some unitary 
transformation after this, we have 

Sr{n=2) = - 1 ^ |pT(iV - P) + ^?)P, + «^Pf) + ^iPr,~ VPt) 

-^{Pf,- vPt) + ^ivPv - vpA dt. (56) 
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In addition to the canonical momenta ttt and ttp^, for the two even constraints ([T7|), the 
action (^) has the additional momenta and Vp^ conjugate to rj and P^, respectively, 



V, = i::!^ = -t^-\P^, Vp^ = ^^^^^ = 0. (57) 



With respect to the canonical odd Poisson brackets we have 

{r^,P,} = l, {P„PpJ = l. (58) 
They form two primary constraints of the second class 

□s (r/) = P, + 2— P, = 0, n4(P,) = Pp, = 0. (59) 
The only non-vanishing Poisson bracket between these constraints is 

{n3,n4} = ^— . (60) 

The momenta Vf^ and Pp- conjugate to fj and Pf^ respectively, it also gives two primary 
constraints of the second-class 

□5 (?7) = Pf) + = 0, n6(P^) = Pp_ = 0, (61) 

with non- vanishing Poisson bracket 

{n5,n6} = 2— . (62) 

The constraints ( |59D and ( pl| ) for the Grassmann dynamical variables can be eliminated by 
Dirac's procedure. Defining the matrix constraint Cik{i, k = rj, P^, fj, Pf^ as the odd Poisson 
bracket we have the following non-zero matrix elements 



R^ 

CrjP^ = Cp^ri = {Hs, = i — , 



Cnp, = Cp^, = {n,,n,} = t^, (63) 

with their inverse matrices (C^^y^^ = —i^ and {C~^)^^^ = —i^- The result of this 
procedure is the elimination of the momenta conjugate to the Grassmann variables, leaving 
us with the following non-zero Dirac's bracket relations 

{V,P,Y = ^^,, {ri,PnY = ^^r (64) 



So, if we take the additional term (pOD, then the full action is 

S(n=2) = S(n=2) + Sr(n=2)- (65) 



The canonical Hamiltonian for the action (|65|) will have the following form 
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where S"^ = (— -Pr? + V^t), Sfj = {Pfj — V^t), Fr, = {ijPrj — vPfj), and Ho,S,S and F are 
defined in (^ , |45| , ^6D . In the component form of the action (|65D there are no kinetic terms 
for A^, t/j, if) and V . This fact is reflected in the primary constraints Pn = 0, = 0, = 
and Py = 0, where Pj^,P^,P^ and Py are the canonical momenta conjugated to A^, '0,-0 
and V , respectively. Then, the total Hamiltonian may be written as 

H = Hc{n=2) + unPn + M^^v + ^i'^i' + uyPv- (67) 
Due to the conditions P/v = P^ = P^ = Py = we now have the first-class constraints 

H = ^Pt + Ho = 0, T= ^P, + P = 0, 

Qr, = ^S^ + S = 0, Q^ = —Sf^ + S = 0. (68) 

They form a closed super-algebra with respect to the Dirac's brackets 

After quantization Dirac's brackets must be replaced by anticommutators 

3 3 

{V, P,} = ^{v, PvV = {V, P-n} = ^{v, P,}* = (70) 

with the operator relations 

P = --^ P- = --^ (71) 

To obtain the quantum expression for Hq, S, S, F we must solve the operator ordering ambi- 
guity. Such ambiguities always take place when the operator expression contains the product 
of non-commuting operators A and A, x and x R and tt^ = and tt^ = — such 

procedure leads in our case to the following expressions for the generators on the quantum 
level 

d - _ 

H = -tg^ + i^o(^, TTfl, 0, TT,/,, A, A, xx), 

d d 

d d - 

:F={-v^ + n^) + F{xrx,x,x), 
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where = — irj-^ and 5',^ = — ^ + ii]^ are the generators of the supertranslation, 
Pt = —i-^ is the ordinary time translation on the superspace with coordinates {t,r],f]) 

{Sv^S,} = 2^^, (73) 

and = —Tj^ + fj-^ is the W(l) generator of the rotation on the complex Grassmann 
coordinate rj{f} = i]^). The algebra of the quantum generators of the conserving charges 
Hq, S, S,F is a closed super-algebra 

{S, S} = 2Ho, [S, Ho] = [S, Ho] = [S, Ho] = [F, Hq] = 

We can see from Eqs. ( |5UD and (JT^) that the operators H,Qrj,Qf^ and JF obey the same 
super- algebra (|7^ 

{Q„ Q J = 2H, [g„ H] = [Q„ H] = [T, H] = 

= Q? = 0, Q,] = -Q„ Q^] = Q^. (75) 



In the quantum theory the first-class constraints (|7^) become conditions on the wave function 
\1', which has the superfield form 

^{T, T], f], R, (f), 0, A, A, X, x) = i'iT, R, 0, A, A, x, x) 

+ iV^iT, R, 0, A, A, X, X) + ivCiT, R, 0, A, A, x, x) 

+ (T{T,R,(j),X,X,x,x)vV- (76) 

So, we have the supersymmetric quantum constraints 

i/^ = 0, Qn^ = 0, Qfi^ = 0, ^^ = 0. (77) 
Taking the constraints 

Q^^ = 0, Q^^ = 0, (78) 

and due to the algebra ( [75D 

{Q„Q^}^ = 2#^ = 0. (79) 

This is a time-dependent Schrodinger equation for the minisuperspace model. 
The condition (^) leads to the following form for the wave function ([7^) 

7/;, = + viSi^) + r]{S^) - \{SS - SS)^m, (80) 
then Qr^Tpi, has the following form 

+ ms(i^-\{srs}^)=Q, (81) 
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this is the standard Schrodinger equation and due to the relation Hq = ^{S, S} it may be 
written as 

^^ = Ho^. (82) 

where the wave function is ip(T, R, X,X, x,x)- If we put in the Schrodinger equation (|82D 
the condition of a stationary state given by |^ = 0, we will have that HqiP = and due to 
the algebra (^) we obtain Si/j = Si/j = and the wave function i/j^ becomes ■0. 
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